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Grébner computation: the Gréobner Walk

Cones, Fans and Ideals

Idea: Incremental approach to Grobner basis computation, based on
polyhedral geometry.
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Grébner basis computation: the Gréobner Walk

Cones, Fans and Ideals

Idea: Incremental approach to Grobner basis computation, based on
polyhedral geometry.

Let I be a fixed ideal in Q[z1,...2,]. Each Grobner basis G2 = {g1,...gs} of
I is associated to a polyhedral cone Cs C R™.

Initial ideals o marked Grobner bases o Grobner cones
in<(I) G Cy ’

The cones form a polyhedral fan, called the Grobner Fan of I.
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computation: th ner Walk

The standard Grobner walk

Task: Given a starting Grobner basis G~ and a target ordering <’, compute
G</

Strategy: Starting from C- , 'walk’ to C4/, computing every intermediate
Grobner basis along the way.
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Grobner basis computation: the Grobner Walk

Lemma 0 (Monomial order matrices)

Lemma

Let < be a monomial order on Q[xy,...,z,] and A € Q¥™ be a monomial order
matriz of <. Let a1 € QY denote the first row of A. Then < refines ay, i.e. :

(a1,B) < {a1,a) = ? <z® for all o, B € N".

In particular: a; € C5 holds for any ideal I <Q[xy, ..., Ty)].

Francesco Nowell (TU Berlin)

Applications of Grébner Fans 10.07.2025 5/14



Grobner basis computation: the Grobner Walk

Lemma 0 (Monomial order matrices)

Lemma

Let < be a monomial order on Q[xy,...,z,] and A € Q¥™ be a monomial order
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This means that o and 7 are already known a priori!
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Grobner basis computation: the Grobner Walk

Lemma 0 (Monomial order matrices)

Lemma

Let < be a monomial order on Q[xy,...,z,] and A € Q¥™ be a monomial order
matriz of <. Let a1 € QY denote the first row of A. Then < refines ay, i.e. :

(a1,B) < {a1,a) = ? <z® for all o, B € N".

In particular: a; € C5 holds for any ideal I <Q[xy, ..., Ty)].

This means that o and 7 are already known a priori!
We use this informatio + C~ to compute a boundary point of C
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Grébner basis computation: the Gréobner Walk

The standard Grobner walk

Task: Given a starting Grobner basis G~ and a target ordering <’, compute
G</

Strategy: Starting from C- , 'walk’ to C4/, computing every intermediate
Grobner basis along the way.
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computation: th ner Walk

The standard Grobner walk

Task: Given a starting Grobner basis G~ and a target ordering <’, compute
G</

w1

Strategy: Starting from C- , 'walk’ to C4/, computing every intermediate
Grobner basis along the way.
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Grobner ba omputation: the Grébner Walk

Lemma 1

A Marked Grobner basis is a reduced Grobner basis with the leading terms
identified.

Lemma

Let I be an ideal and < a monomial order. For G5 = {q1,...,g-} and
w € C<NQY,, the set

inw(G<) = {inw(gl)a ooog an(gT)}

is the marked Grobner basis of in,(I) w.r.t <. )

This holds in particular when w € 9C. So given w and G<, we obtain a basis
of in,, (I) “for free”.

Francesco Nowell (TU Berlin) Applications of Grébner Fans 10.07.2025 7/14



Grobner ba omputation: the Grébner Walk

Lemma 1

A Marked Grobner basis is a reduced Grobner basis with the leading terms
identified.

Lemma

Let I be an ideal and < a monomial order. For G5 = {q1,...,g-} and
w € C<NQY,, the set

inw(G<) = {inw(gl)a ooog an(gT)}

is the marked Grobner basis of in,(I) w.r.t <. )

This holds in particular when w € 9C. So given w and G<, we obtain a basis
of in,, (I) “for free”. The basis of in,,(I) corresponds to the lower-dimensional
cone in the Grobner fan!
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Grobner ba omputation: the Grébner Walk

Lemma 2 (Lifting)

Lemma

Let H be the Grébner basis of I with respect to a term ordering < and let
w € Q™ lie on the boundary of the cone in the Grébner fan G(I) corresponding
to <.

If M = {myq,...,m,.} is the marked Grobner basis of in,(I) with respect to the
refinement ordering <!,, then

G :={m —mg?,..,m, — W0 }

is a Grobner basis of I with respect to <!,.

This process is known as “lifting”
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Grébner computation: the Gréobner Walk

The standard Grobner walk

If 7 lies in our new cone, we're done!

’
7

(:t<@

fo 2

If not, update the starting cone/basis and go again!
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The standard Grobner walk

w9 C(_<
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My Contribution

From this...

Algorithm 1 STANDARDGROEBNERWALK(G <., A

LAy)

Input: G, AL and A,
Output: G

o (A,

T+ (Axh,

done « “False”

while done = “False” do

if w =7 then
done + “True”

else
0w
G. G
Al Ay
end if

end while

return G’

TU Berlin)

Applications of Grébner Fans

To this!

Oscarjl / experimental / Groeb

Code | Blame 136 lines (110 loc) - 4.49 K&

tex([x, ¥1)

function grosbner_walk(
I: :NPolyTdeal,
target: :Kor

6 start: :Nonomd

ring(1));

64 algorithn 1
L )
¢ if algorithm == :standard
(x) -> standard_walk(x, target)
algorithm == :generic
walk = (x) -> generic walk(x, start, target)
el
throw(Not InplenantedError (:graebner_walk, algorithn))

74 Gb = grosbner_basis(I; ordering=start, complete_reduction=true)

6b = walk(6b)

eturn Oscar.IdealGens(Gb, target; isGB=true)

https://github.com/
oscar-system/Oscar.jl/

10.07.2025
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Grébner basis computation: the Gréobner Walk

OSCAR demonstration

-’ !
.L- l

JQJ
l’ll:-.'n.

fpnowell.glthub.io
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sbner fan in the wild

A Grobner fan in the wild
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A Grobner fan in the wild

Combinatorics of shortest paths

Let G = (V, E) be a directed acyclic graph (DAG) with non-negative edge
weights ¢;; for i — j € E.
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A Grobner fan in the wild

Combinatorics of shortest paths

Let G = (V, E) be a directed acyclic graph (DAG) with non-negative edge
weights ¢;; for i — j € E.

TASK: Classify the sets of edge weights which give rise to the same

max-weighted paths.
(The weight of a directed path from 7 to j is the sum of the weights of its

edges.)
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A Grobner fan in the wild

It’s a fan!

C12 + Coq4 = C13 + C34

C12 + Co4 > C13 + C34

C12 + Coy < C13 + C34 e

-

In the space of all matrices R[E] supported on G (this is R ), the matrices
giving rise to the same max-weighted paths lie in a cone!
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A Grobner fan in the wild

It’s a fan!

C12 + Coq4 = C13 + C34

C12 + Co4 > C13 + C34

C12 + Coy < C13 + C34 e

-

In the space of all matrices R[E] supported on G (this is ]Réo), the matrices
giving rise to the same max-weighted paths lie in a cone! The cones form a
polyhedral fan!!
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A Grobner fan in the wild

[t’s a Grobner fan!
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Ig=< Z H ck1,k2:iajev7|P(i7j)|>1><]R[E]'
w€P(i,j) k1—ko €T

In the example: Ig = {c1aca4 + ¢13C34)-
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A Grobner fan in the wild

[t’s a Grobner fan!

Let P(i,7) denote the set of all directed paths from ¢ to j The Grobner fan of
G=(V,E)is

Ig=< Z H ck1,k2:iajev7|P(i7j)|>1><]R[E]'
mEP(i,j) ki—koET

In the example: Ig = {c1aca4 + ¢13C34)-

Bottom line: All of the different possible structures of max-weighted paths
can be computed with a Grobner fan computation!
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